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Estimating Site Response with Recordings from Deep Boreholes

and HVSR: Examples from the Mississippi Embayment

of the Central United States

by N. Seth Carpenter,* Zhenming Wang, Edward W. Woolery, and Mianshui Rong

Abstract Recordings of weak-motion S waves at two deep vertical seismic arrays
in the northern Mississippi embayment (i.e., vertical seismic array Paducah [VSAP]
and the Central United States Seismic Observatory [CUSSO]) were used to estimate
empirical site responses using ratios of surface-to-bedrock transverse-component am-
plitude spectra TFT . The mean TFT curves were also compared with theoretical trans-
fer functions derived from Thomson–Haskell propagator matrices. The results were
comparable, indicating that mean spectral ratios, calculated from few (10) events at
local and regional distances, represent empirical linear S-wave transfer functions for
weak-motion SH waves at these sites. At both sites, the largest amplifications implied
by the theoretical responses and the observed S-wave spectral ratios occur at frequen-
cies higher than the sites’ fundamental frequencies.

These spectral ratios were used to evaluate the suitability of surface S-wave
horizontal-to-vertical spectral ratios HVS for estimating the empirical site transfer
function. The mean S-wave HVS curves are similar to the mean TFT spectral ratios
for frequencies below approximately the fifth natural frequency at each site; for higher
frequencies, vertical-component amplification from incident SV waves reduces HVS
relative to TFT . Therefore, HVS curves at these sites reflect the SH-wave transfer
functions for low frequencies. We also observed that HVS curves from ambient noise
recordings do not estimate the SH-wave transfer function at these deep borehole sites
for frequencies higher than the fundamental.

Introduction

Strong ground motion can be altered by near-surface
soft sediments in terms of its duration, frequency content,
and amplitude. This is called the site effect, and it can cause
additional damage to susceptible buildings and infrastructure
during earthquakes. A classic example of such damage is
Mexico City, which was significantly damaged by amplified
ground motions of near-surface lake sediments during the
1985Mw 8.0 Michoacán earthquake (Seed et al., 1988). An-
other example is the Marina District of San Francisco, which
incurred significant damage from amplified ground motion
in the San Francisco Bay muds during the 1989 Mw 6.9
Loma Prieta earthquake (Bonilla, 1991). Site effects are
common phenomena during strong earthquakes, and con-
tinue to be a significant subject for seismological research
(see, e.g., Fleur et al., 2016; Woolery et al., 2016).

Site effect is influenced by many factors, including lat-
eral and vertical velocity gradients in the sediment and bed-

rock, impedance contrasts within the sediment overburden
and at the sediment–bedrock interface, sediment thickness,
sediment–bedrock interface geometry, incoming ground-
motion amplitude (i.e., linear vs. nonlinear behavior), and
surface topography. There are several established methods
in practice for characterizing site effect, ranging between
empirical and theoretical, but there are considerable attend-
ant uncertainties (Steidl et al., 1996), particularly in regions
with deep sediment deposits (> 100 m), such as in the
northern Mississippi embayment of the central United States.
A direct way to study site effects, of particular importance for
sites overlying thick sediment layers, is to simultaneously
record earthquakes with a vertical array of downhole (i.e.,
bedrock) and surface sensors (Archuleta et al., 1992; Mar-
gheriti et al., 2000). The recordings from the two deep ver-
tical seismic arrays in the northern Mississippi embayment,
vertical seismic array Paducah (VSAP) and Central United
States Seismic Observatory (CUSSO), permit direct evalu-
ation of the site response in this deep-sediment setting.

*Also at Department of Earth and Environmental Sciences, University of
Kentucky, 101 Slone Research Building, Lexington, Kentucky 40506-0053.
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In this study, we performed spectral analysis on the
weak-motion S-wave recordings from VSAP and CUSSO
to calculate the empirical transfer functions. We compared
the mean empirical transfer functions with theoretical trans-
fer functions derived from the Thomson–Haskell plane-wave
reflectivity model for SH waves, focusing on frequencies of
engineering interest. Then, we assessed whether mean trans-
verse-to-vertical spectral ratios approximate the empirical
transfer functions at these borehole sites.

This study represents an unprecedented effort to charac-
terize site response directly using surface-to-bedrock spectral
ratios in the thick northern Mississippi embayment sediment
that overlies the active New Madrid seismic zone and under-
lies several large population centers, including Memphis,
Tennessee. In addition, we use these spectral ratios to evaluate
the use of horizontal-to-vertical spectral ratios (HVSRs; e.g.,
McNamara et al., 2015; Hassani and Atkinson, 2016) to char-
acterize site response in central and eastern North American.

Empirical SH-Wave Transfer Function and HVSR

The Fourier spectrum of ground acceleration for SH
waves at a given site can be modeled as the convolution
of source S�f �, path P�f �, site response G�f �, and instru-
ment response I�f � terms as

EQ-TARGET;temp:intralink-;df1;55;307A�f � � S�f � × P�f � × G�f � × I�f �: �1�
In the following, we use the quantities in equation (1) to
derive expressions for the empirical site transfer function
G from the SH-wave amplitude spectra A of recorded ground
motions. We add subscripts of S, R, and B to equation (1) for
horizontal (H) and vertical (V) amplitude spectra recorded at
soil, rock outcrop, and borehole bedrock sites, respectively,
as shown in Figure 1.

Empirical Transfer Function: Surface-to-Bedrock
Spectral Ratios

If soil and rock-outcrop sites are proximal (i.e.,
differences in the source and path terms are negligible for both
soil and rock sites: SS�f � ≅ SR�f � and PS�f � ≅ PR�f �)
and if the site response at the rock site GR is assumed to
be flat and to equal unity, then after removal of the instrument
responses, the spectral ratio between soil and rock sites is

EQ-TARGET;temp:intralink-;df2;313;733GS �
AS

AR
: �2�

When horizontal, transverse motions of S waves are consid-
ered, equation (2) is the transfer function for SH waves be-
tween the soil and rock sites that is traditionally used as
the empirical site response in earthquake engineering (Borch-
erdt, 1970).

Depending on the source mechanism and the relative
positions of the soil and rock sites to the source, however,
the requirements of equation (2), that differences in the
source and path terms for rock and soil sites are negligible,
might not be applicable. An additional concern is that the
rock site has its own site response (see, e.g., Steidl et al.,
1996) that is not accounted for in the above formulation. An-
other approach, which may abate these concerns, directly
compares the acceleration spectra at the surface with those
at the bedrock in a borehole (Fig. 1) (see, e.g., Joyner et al.,
1976; Steidl et al., 1996). The ratio of the surface transverse-
component amplitude spectrum to that in the bedrock for this
configuration is

EQ-TARGET;temp:intralink-;df3;313;493TFT � HS

HB
; �3�

which is the empirical SH-wave transfer function for a given
angle of incidence from the bedrock.

Assuming that a plane-wave model for SH waves in an
elastic 1D-layered structure is appropriate for the seismic
waves recorded by VSAP and CUSSO, equation (3) can
be expressed analytically using Thomson–Haskell matrices
(Haskell, 1953, 1960), hereafter THSH.

Horizontal-to-Vertical Spectral Ratio

The HVSR was originally used to estimate site response
using recordings of microtremors (Nakamura, 1989) and later
from earthquake recordings (Lermo and Chavez-Garcia,
1993). HVSR is defined as the ratio of the horizontal HS to
the vertical amplitude spectra of ground motion VS at the free
surface:

EQ-TARGET;temp:intralink-;df4;313;266HVS �
HS

VS
: �4�

As previously stated, HS represents the amplitude spectra of
the transverse component of motion.

Equation (4) can be expanded as

EQ-TARGET;temp:intralink-;df5;313;196HVS �
HS

HB
×
HB

VB
×
VB

VS
; �5�

and equation (5) can be rewritten as

EQ-TARGET;temp:intralink-;df6;313;142HVS � TFT×HVB×
1

TFV
; �6�

in which HVB is the HVSR in the bedrock and TFV is the
transfer function of vertical ground motions for a particular
ray parameter. Horizontally polarized SHwaves do not excite

Soil

Rock

HR,VRHS,VS

HB,VB

Figure 1. Locations of sensors (triangles) at the surface at soil
(S) and rock-outcrop (R) sites, and beneath the soil in bedrock (B).
H and V represent amplitude spectra of horizontal- and vertical-
component recordings, respectively, at these locations.
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vertical motions. Therefore, the vertical-
component time series contains SV and
P arrivals within the S-wave window,
rather than SH waves.

Equation (6) shows that the surface
HVSRHVS is equal to the SH-wave transfer
function in equation (3), expressed theoreti-
cally by THSH times the borehole HVSR
HVB divided by the vertical motion transfer
function TFV . Nakamura (1989) observed
that HVB is, on average, approximately
unity for ambient noise. HVB determined
from recordings windowed around Swaves,
however, depends on the earthquake focal
mechanism; therefore, because TFT and
TFV are independent of the source,HVS will
also depend on the source mechanism. Our
approach was to calculate the mean HVS

from multiple events to determine if, on
average, HVS approximates TFT .

The denominator of equation (6) TFV
can be expressed analytically using Thom-
son–Haskell matrices for the P–SV system
(Haskell, 1953, 1962). For recordings win-
dowed around the S wave, the incident
phases in the bedrock are assumed to be
predominantly SV waves. Therefore, the

transfer function in equation (17) from Haskell (1962) for
an elastic 1D-layered structure, hereafter THSV;V, is used as
the expression for TFV in this investigation.

Vertical Arrays and Datasets

The settings of the vertical arrays used in this study dif-
fer in terms of unlithified sediment thicknesses, proximities
to the edge of the embayment (Fig. 2), and age of the near-
surface deposits. The geology, instrumentation, and record-
ings from VSAP and CUSSO are described briefly below.

VSAP

VSAP was installed near Paducah, Kentucky, in the early
1990s (Street et al., 1997). The site is ~15 km from the
edge of the northern Mississippi embayment on a 100-m-thick
sequence of unlithified to poorly lithified silts, sands, clays,
and gravels of Late Cretaceous to Pleistocene age overlying
Mississippian limestone bedrock (Harris, 1992). Four soil
layers and the bedrock were identified by two orthogonal
SH-wave refraction profiles and incorporated into the velocity
model of VSAP (McIntyre, 2008; Table 1; Fig. 3). The fun-
damental frequency f0 of S-wave resonance in the overburden
at this site for vertical incidence S waves (Haskell, 1960) is
1.06 Hz using

EQ-TARGET;temp:intralink-;df7;313;107fn−1 �
VS

4h
�2n − 1�; n � 1; 2; 3;…; �7�
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Figure 2. Vertical seismic arrays Central United States Seismic Observatory
(CUSSO) (gray star) and vertical seismic array Paducah (VSAP) (black star) in the
northern Mississippi embayment and the earthquakes they recorded (gray or black de-
pending on the recording array). Embayment depth-to-bedrock contours are labeled by
depth below the surface in meters. Contours (in meters) are sediment thickness from Dart
(1992) and Dart and Swolfs (1998), modified from Langston et al. (2009).
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Figure 3. Simplified stratigraphic column, sensor depths
(stars), and shear-wave velocity structure at VSAP. The average
velocity shown (dashed line) was calculated for the entire sediment
column, weighted by layer thickness.
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in which VS is the weighted-average S-wave velocity (i.e., layer
velocities weighted by layer thickness), h is the thickness of the
sediment overburden, and n is the resonance mode.

VSAP’s recordings analyzed for this study were acquired
from 1 May 2005 through April 2008. During this time, a
1=4g strong-motion accelerometer was installed in the bed-
rock and, at various times, either a 1g or a 2g strong-motion
accelerometer operated at the free surface. The 1=4g and 2g

sensors have flat responses to ground acceleration from d.c.
to nominally 50 Hz; the 1g sensor’s flat response extends from
d.c. to a nominal 200 Hz. Data from the borehole and surface
sensors were acquired at 200 samples per second.

CUSSO

Phased installation of the three-borehole 21-component
strong-motion array CUSSO began in 2005 and was com-
pleted in 2008. The deepest borehole penetrates the entire
soil-sediment overburden (585 m) and is terminated 9 m into
Ordovician limestone bedrock. The stratigraphy, the velocity
model (Fig. 4; Table 1), and CUSSO’s instrumentation and
recordings are described in Woolery et al. (2016). For this
study, we used recordings from the two medium-period seis-
mometers (0.067–50 Hz flat-response passbands), installed
at the surface and at 587-m depth, each acquired at 200
samples per second. From the S-wave velocity structure at
CUSSO, f0 is 0.23 Hz.

The bedrock S-wave velocity at CUSSO increases rapidly
with depth from 1452 to 1810 m=s in 1 m (McIntyre, 2008),
and it is uncertain if the velocity at the depth of the
borehole sensor falls within this range. Also, it is unknown if
the steep velocity gradient continues below this deepest meas-
urement to produce the site’s high-impedance boundary.
Because of these unknowns, and our observations of large
SH-wave amplifications, we adopted the maximum bedrock
S-wave velocity observed at the nearby New Madrid test well
1-X (NMTW-1-X), 26 km southwest of CUSSO, as CUSSO’s
bedrock velocity. The depth to bedrock at the NMTW-1-X site
is 616 m and, similar to CUSSO, Sexton and Jones (1986)
reported S-wave velocities that increase rapidly with depth
in the bedrock: 1200 m=s was observed at the top of bedrock,
and the maximum of 2132 m=s occurred 4 m deeper.

Although the actual bedrock S-wave velocity at
CUSSO is uncertain, the observed bedrock velocity at the

Table 1
Soil-Profile Parameters for Site-Response Modeling

at VSAP and CUSSO

Site Thickness (m) α (m=s) β (m=s)

VSAP 4 150
8 248

33 400
55 485

1630
CUSSO 15 1000 160

25 1550 280
45 1600 390
50 1650 515
155 1850 600
205 1900 650
90 2300 875

3669 2132

α, P-wave velocity, when available; β, S-wave velocity;
CUSSO, Central United States Seismic Observatory; VSAP,
vertical seismic array Paducah.
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Figure 4. Simplified stratigraphic column, sensor depths (stars;
locations with two sensors are labeled with a “2”), and shear-wave
velocity structure at CUSSO. The average velocity shown (dashed
line) was calculated for the entire sediment column, weighted by
layer thickness.

1202 N. S. Carpenter, Z. Wang, E. W. Woolery, and M. Rong



NMTW-1-X well produces theoretical amplifications that are
much more consistent with our observations (see the Results
and Discussion sections) than those from a slower velocity.
We therefore use this velocity as the bedrock velocity in our
site velocity model. However, the theoretical SH-wave trans-
fer function calculated for CUSSO is provisional until this
velocity is validated with an independent method.

Methods

Data Selection and Processing

Both CUSSO and VSAP recorded few events each
(Fig. 2), due to their brief operational time spans. In addition,
no strong ground motions (i.e., greater than 50 cm=s2) were
recorded by these stations. Therefore, selecting high-quality
recordings of the weak motions is imperative to avoid con-
taminating the spectral ratios and their averages with noise.
Our quality assessments included inspection of waveforms,
the corresponding amplitude spectra, and signal-to-noise
calculations in the frequency domain. Records that contained
instrument glitches or spikes in the S-wave window were
excluded from the analyses, and only recordings with pre-

P-wave noise and signal-to-noise ratios exceeding 1.5 for
each component and for frequencies from the site f0 to 25 Hz
were analyzed. Parameters of the local and regional earth-
quakes used for this study are listed in Tables 2 and 3.

We converted each triggered waveform file to Seismic
Analysis Code format, removed the mean and trend, and then
deconvolved the instruments responses to yield ground
acceleration time histories (seismometer recordings at CUSSO
were converted from ground velocity to acceleration), using
the processing parameters shown in Table 4. We rotated the

Table 3
Parameters for the Earthquakes Recorded by CUSSO Used in This Study

Date (yyyy/mm/dd) Time (hh:mm) Latitude (°) Longitude (°) Mag* Depth (km) Dist (km) BAZ (°) iB (°) iS (°)

2010/05/30 02:24 36.55 −89.72 3.1d 9.2 34 269 19 1
2010/06/09 18:40 36.25 −89.4 2.5d 5.2 34 191 19 1
2011/02/17 10:49 35.28 −92.36 3.8w 6.5 308 243 15 1
2011/02/18 04:59 35.26 −92.37 3.9w 5 310 243 14 1
2011/02/18 8:13 35.27 −92.38 4.1w 6.2 310 244 15 1
2011/02/28 05:00 35.27 −92.35 4.7w 3.1 308 243 15 1
2011/03/03 15:31 35.27 −92.37 3.0d 6 309 243 15 1
2011/03/04 08:45 35.28 −92.34 2.8d 3 306 243 15 1
2011/04/08 03:27 35.26 −92.39 3.2l 5.5 311 243 15 1
2011/04/08 14:56 35.26 −92.36 3.9w 6.2 309 243 14 1

Mag, event magnitude and type; Dist, epicenter-CUSSO offset; BAZ, CUSSO epicenter back azimuth; iB, S-wave incidence angle at
the bedrock sensor; iS, S-wave incidence angle at the surface.
*Magnitude types: w, moment magnitude; d, duration magnitude; l, mbLg.

Table 4
Data Processing Parameters for Recordings at VSAP and

CUSSO

Station t0 (s) twin (s) Taper (%) flo=fhi (Hz) fsmooth (Hz)

VSAP 0.25 5.0 5 0.07/40 0.5
CUSSO 1.0 20.0 5 0.07/40 0.1

t0, window start time prior to SH-wave arrival; twin, window length around
SH wave; Taper, percentage of window length tapered with Hanning
window; flo=fhi, low and high corner frequencies for two-pole zero-
phase Butterworth band-pass filter; fsmooth, length of running-average
smoothing filter used to smooth amplitude spectra.

Table 2
Parameters for the Earthquakes Recorded by VSAP Used in This Study

Date (yyyy/mm/dd) Time (hh:mm) Latitude (°) Longitude (°) Depth (km) Mag* Dist (km) BAZ (°) iB (°) iS (°)

2005/05/01 12:37 35.83 −90.15 10 4.2w 187 220 26 1
2005/06/02 11:35 36.15 −89.47 15 4.0w 124 209 24 1
2005/06/20 02:00 36.94 −88.99 7.7 2.7d 27 216 26 1
2005/06/20 12:21 36.92 −89 18.7 3.6w 28 216 21 1
2005/06/27 15:46 37.63 −89.42 9.6 3.0l 77 316 26 1
2006/01/02 21:48 37.84 −88.42 7.3 3.6l 86 204 26 1
2008/04/18 09:36 38.45 −87.89 14.2 5.2w 168 29 24 1
2008/04/18 15:14 38.46 −87.87 15.5 4.7w 169 29 24 1
2008/04/21 05:38 38.45 −87.88 18.3 4.0w 168 29 24 1
2010/03/02 19:37 36.79 −89.36 8.2 3.7l 61 232 24 1

Mag, event magnitude and type; Dist, epicenter VSAP offset; BAZ, VSAP epicenter back azimuth; iB, S-wave incidence angle at the
bedrock sensor; iS, S-wave incidence angle at the surface.
*Magnitude types: w, moment magnitude; d, duration magnitude; l, mbLg.
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surface and borehole horizontal-component recordings to
radial and transverse orientations. Figure 5 shows example
accelerograms and their corresponding amplitude spectra.

Because both sites are over thick layers of unconsoli-
dated sediment, we used relatively long S-wave windows of
five times the sites’ fundamental periods (i.e., f−10 ) to resolve
the amplification at each site’s fundamental frequency.
Shorter windows do not provide adequate resolution at low
frequencies, due to the weak motions recorded by these
arrays. For local events (offset < ∼100 km), windowed,
transverse-component recordings will principally contain
direct SH waves, with some scattered SH-wave and Lg-wave
phases. At larger offsets, the transverse-component S-wave
windows, which avoid Rg waves, can contain arrivals from
Sn, direct SH, and Lg waves. Although this diversity of

phases are potentially included in spectral ratios from indi-
vidual events, we found that most peaks in the mean TFT
curves from local events and from regional events occur at
the frequencies predicted by THSH, calculated for average
incidence angles (Tables 2 and 3). This consistency indicates
that the arrivals included in the S-wave windows produce res-
onances in the soil columns consistent with direct SH-wave
resonance. For vertical-component recordings, energy in the
S-wave windows comes primarily from incident SV waves
that are transmitted as P and SV waves, as demonstrated for
CUSSO in the Discussion section.

Figure 6 summarizes the dataset in terms of the spatial
distribution of the events with respect to the stations. The
largest surface ground motion at VSAP, 23:0 cm=s2, was
produced by a moment magnitude (Mw) 3.6 earthquake
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Figure 5. (Left) Time histories and (right) amplitude spectra from the 2 January 2006 Mw 3.6 local earthquake recorded at (top row)
VSAP and the 28 February 2011 Mw 4.7 regional earthquake recorded at (bottom row) CUSSO. Surface traces (upper three traces in each
row) and bedrock traces (lower three traces in each row) are shown and labeled by channel name. Amplitude spectra are calculated from the
windowed portion (dashed lines) of each waveform; noise spectra were determined from the waveforms prior to the first P-wave arrival
(entire time windows not shown).
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29 km southwest of VSAP (Fig. 5). Three of the earthquakes
recorded at VSAP were associated with the 2008 Mw 5.2
Mount Carmel, Illinois, earthquake sequence (Hamburger
et al., 2011), including the mainshock. All but two of the
earthquakes recorded at CUSSO listed in Table 3 occurred
in Arkansas and were associated with the Guy-Greenbrier
sequence between 2010 and 2011 (Horton, 2012). The larg-

est ground motion recorded at the surface
at CUSSO was 1:0 cm=s2, from the dura-
tion magnitude (MD) 3.1 local earthquake
on 30 May 2010.

We also calculated HVSRs from con-
tinuous recordings of ambient noise at the
free surface HVS;noise to evaluate its ability
to resolve the SH-wave transfer function
as per theNakamura (1989) approach. Satoh
et al. (2001), among others, reported dif-
ferences between HVS and HVS;noise in
terms of the frequency of maximum ampli-
fication, fpeak, and amplification levels. We
used 5 hrs of nighttime ambient noise (to re-
duce cultural noise), uncontaminated by
earthquakes or blasts, recorded byCUSSO’s
existing surface seismometer and from a
temporary broadband seismometer collo-
cated with VSAP’s surface accelerometer.

Spectral Ratios

Using the bedrock and surface ampli-
tude spectra for the events listed in Tables 2
and 3, we calculated the mean spectral ra-
tios TFT , TFV , HVS, and HVB and their
standard deviations at VSAP and CUSSO.
Individual spectral ratios were calculated
by spectral division of the smoothed am-
plitude spectra. The amplitude spectra of
all recordings at the free surface were di-
vided by a factor of 2 to remove the effect
of free-surface amplification for equiva-
lency with traditional spectral ratios (equa-
tion 2) and for comparison with HVS. This
division by 2 may not strictly be valid for
TFV and is discussed in the Discussion
section.

The mean HVS;noise spectral ratios
were determined by first averaging the
spectral ratios of smoothed (moving win-
dow lengths in Table 4) amplitude spectra
calculated from the 5-min-long 50% over-
lapping windows of 5 hrs of continuous
recordings. Because the sources of ambient
noise are likely from a suite of azimuths,
recorded on both horizontal components,
we calculated HVS;noise curves from the
average spectrum of both horizontal com-

ponents divided by the average vertical-component spectrum
of both horizontal components.

Results

Figures 7 and 8 show mean TFT , TFV , HVS, and HVB

curves, the corresponding standard deviations for VSAP and
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CUSSO, and the predicted SH-wave responses from Thom-
son–Haskell propagator matrices THSH (divided by 2 for
consistency with TFT and HVS). In general, there is remark-
able consistency between TFT and HVS, particularly within
the frequency band of engineering interest (0.1–10 Hz), in
terms of the peak frequencies. At the first peak frequency
(hereafter referred to as observed-f0), amplifications implied
by both TFT and HVS are very similar. Furthermore, Figure 7
shows that peak frequencies of both TFT and HVS corre-
spond closely with the fundamental and higher-mode reso-
nances predicted by equation (7) for vertical-incidence S
waves and to THSH, calculated at average incidence angles.

The mean � one standard deviations (Fig. 8) demon-
strate that the spectral ratios’ peak frequencies are generally
consistent between events, regardless of distance (which was
also observed by Zandieh and Pezeshk, 2011) for HVS. How-
ever, HVS has greater variability and resolves observed-f0
with less resolution than TFT , based on HVS having broader
half-widths of the lowest frequency peaks. It is possible that
some of the variability in the peak frequencies is due to
nonlinear responses. Rubinstein (2011) reported evidence
of nonlinear response for ground accelerations as low as
34 cm=s2, which is comparable with the largest acceleration
observed at VSAP of 24 cm=s2. We examined the spectral
ratios from individual events and found that observed-f0
does not decrease with PGA, which we interpret as evidence
that no nonlinearity was experienced.

The HVSR curves calculated from recordings of ambi-
ent noise HVS;noise at both sites are plotted in Figure 9. There
are important differences between S-wave spectral ratios and
HVS;noise curves for frequencies greater than observed-f0, as
discussed in the next section.

Discussion

Empirical and Theoretical SH-Wave Transfer
Functions

At both sites, TFT , the empirical SH-wave transfer func-
tion is similar to the theoretical SH-wave transfer function
from the elastic Thomson–Haskell propagator matrix method

THSH for average and for vertical bedrock
incidence angles. Evidently, the large
impedance contrast between the northern
Mississippi embayment sediment overbur-
den and the bedrock bends transverse-
wave arrivals from a range of bedrock in-
cidence angles to nearly vertical incidence
at the surface. Consequently, averaging the
spectral ratios from transverse-component
recordings of direct, head, and Lg waves
reveals empirical SH-wave site responses
suitable for engineering purposes. Further-
more, the similarities between TFT and
THSH indicate that 2D and 3D effects
do not contribute significantly to the site

responses at the VSAP and CUSSO sites. However, 1D site
response models might not be applicable nearer to the edge
of the embayment, due to basin-edge effects, as observed by
Ramírez-Guzmán et al. (2012) and modeled by MacPherson
et al. (2010), or in settings with complicated subsurface
structures. In addition, the similarity between TFT at VSAP
and CUSSO and the corresponding theoretical responses,
which do not include anelasticity, also supports the observa-
tions of relatively low intrinsic attenuation for body waves in
the Mississippi embayment made by Langston (2003).

The TFT curves show significant SH-wave amplification
at peak frequencies from the fundamental to higher than the
tenth natural frequency at each site. The maximum observed
amplification factors from the TFT curves are 8:5� 6:2 at
12.9 Hz (seventh natural frequency) at VSAP and 15:0� 4:8
at 1.3 Hz (third natural frequency) at CUSSO. The theoretical
SH-wave transfer functions predict amplifications of 10.1 at
VSAP and 8.3 at CUSSO for the peaks nearest to 12.9 and
1.3 Hz, respectively. At observed-f0, amplification at VSAP
is 7:8� 5:0 and 4:6� 2:5 at CUSSO. For comparison, an
amplification of 4.8 is predicted by the theoretical SH-wave
transfer functions at f0 at both sites. The theoretical re-
sponses at CUSSO are provisional and require validation of
the bedrock S-wave velocity that we used in this study.
Nevertheless, the bedrock velocity employed is apparently
reasonable, as evidenced by the similarities between the ob-
served amplifications and the theoretical SH-wave response.

S-Wave HVSR

Peak amplifications implied by HVS are similar to peak
TFT amplifications: the maxima are 8:3� 7:0 at VSAP at
1.1 Hz and 11:1� 8:7 at CUSSO at 1.7 Hz. The theoretical
SH-wave transfer functions predict amplifications of 4.8 at
VSAP and 7.2 at CUSSO for the peaks nearest to 1.1 and
1.7 Hz, respectively. At observed-f0, amplifications are
8:3� 7:0 at VSAP and 6:1� 5:1 at CUSS0; 4.8 is the theo-
retical amplification at both sites at f0.

Below a site-specific frequency, mean TFT and HVS

curves are similar for both VSAP and CUSSO, and they
resemble the theoretical SH-wave transfer functions at each
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site. However, there are differences between TFT and HVS

that are made clear by their ratio (Fig. 10): for frequencies
above approximately the fifth natural frequencies (∼9 and
∼2:0 Hz at VSAP and CUSSO, respectively), HVS is con-
sistently less than the observed SH-wave transfer function at
both sites. This difference is much greater at the deeper-soil
site CUSSO. At lower frequencies, the ratios of TFT to HVS

tend to oscillate about one. At these frequencies, the
differences are due, at least in large part, to slight differences
in the peak frequencies rather than to differences in ampli-
fication; HVS peaks occur at slightly lower frequencies than
TFT . For example, at both stations, Figure 10 suggests that
HVS yields greater amplification than TFT by a factor of 2–3
for frequencies near f0. However, the differences of the
amplifications at the respective observed-f0 are much less:
7% at VSAP and 25% at CUSSO.

The curves in Figure 10 also indicate that the differences
between HVS and TFT are due to vertical-component
amplification. The influence of TFV on HVS is shown in equa-
tion (6): HVS is indirectly related to TFV , and when HVB is
nearly one, as at CUSSO (Fig. 8), the ratio of TFT to HVS

should be TFV . At VSAP, HVB is more complicated than at
CUSSO and is generally greater than one. As such, the ratio of
TFT to HVS is generally greater than TFV . However, at both
stations, the two curves in Figure 10 are correlated, demon-
strating the strong control of the vertical-component transfer
function on HVS. Therefore, the ability of HVS to approxi-
mate TFT depends on TFV .

We found that TFV is consistent with the vertical response
predicted by Thomson–Haskell propagator matrices for inci-
dent SV waves, THSV;V (Haskell, 1953, 1962), as shown in
Figure 11. Therefore, the major differences between TFT and
HVS (Fig. 10) are explained by the amplification of transmit-
ted SV waves and converted P and SV waves. Furthermore,
HVS will more accurately approximate the SH-wave transfer
function when corrected for TFV (equation 6), which can be
calculated by plane-wave propagation matrices. The similarity
of the curves in Figure 11 also suggests that, for the steeply
ascending waves recorded by both arrays, it appears to be rea-
sonable to correct for free-surface amplification on the vertical
component by division by a factor of 2, which was done to be
consistent with TFV . A thorough treatment of this particular
topic is beyond the scope of this article.

Ambient Noise HVSR

Figure 9 compares HVS;noise curves with HVS and the
theoretical SH-wave responses and reveals that HVS;noise

clearly identifies the fundamental site frequency, as observed
in numerous studies (see, e.g., Nakamura, 1989; Bodin and
Horton, 1999; Langston, et al., 2009). At both stations, the
amplification of the first peak of HVS;noise from either hori-
zontal component is similar to HVS. Therefore, HVS;noise is
effective in both identifying the site f0 and indicating the
level of amplification at or near the site f0. Higher-mode res-
onances, however, are not clearly identified with HVS;noise,
suggesting the presence of additional phase arrivals with
energetic vertical motions. Therefore, although this method-
ology may be useful to calculate an average shear-wave
velocity model, it does not reveal the frequencies at which
peak amplifications occur (seventh and third natural frequen-
cies at VSAP and CUSSO, respectively), nor their magni-
tudes, and is not suitable for studies of detailed velocity
structure or site response.

On the Applicability of HVSR

Our observations suggest that the ability of S-wave and
ambient-noise HVSRs to approximate the site transfer func-
tion in the northern Mississippi embayment at frequencies of

Frequency (Hz)
0

2

4

6

8

R
at

io

TF
V

TH
SV,V

Figure 11. Observed TFV and the predicted THSV;V vertical-
component amplification for an SV wave with an angle of incidence
of 15° at CUSSO.

100

101

CUSSO

10-1 100 101

Frequency (Hz)

10-1

100

VSAP

TF
T

/HV
S

TF
V

TF
T

~ HV
S

TF
T

~ HV
S

5th nat. f.

5th nat. f.

Figure 10. Vertical-component amplification TFV and the ratio
of spectral ratios TFT to HVS at CUSSO and VSAP. The fifth natu-
ral frequency (5th nat. f.), below which HVS approximates TFT , is
labeled. Inverted triangles correspond to the resonance frequencies
in equation (7).

Estimating Site Response with Recordings from Deep Boreholes and HVSR 1207



engineering importance depends on the site’s natural
frequencies. Both HVS and HVS;noise approximate site re-
sponse at f0. However, if higher modes occur at frequencies
of engineering interest, they will not be revealed by HVS;noise

and may be underestimated by HVS, due to the amplification
of high-frequency vertical motions. This is important be-
cause fpeak may not correspond with f0 in the embayment,
as at VSAP and CUSSO, and therefore maximum amplifi-
cation may not be observable by HVSR. However, HVS

estimates the site response for frequencies up to the fifth
natural frequency, which may be sufficient for sites over thin-
ner (< ∼100 m) sediment layers or that have faster sediment
S-wave velocity structures.

In addition, Rong et al. (2016) demonstrated that HVS

curves estimate the nonlinear site transfer function in cases of
strong ground motions. Therefore, HVS may be useful for
estimating the nonlinear site transfer function in the embay-
ment, because HVS reliably approximates the site response at
lower frequencies and because high-frequency responses are
decreased due to nonlinear effects (e.g., see Rong et al.,
2016). This will be evaluated when strong motions are
recorded by VSAP and CUSSO.

Conclusions

Weak-motion S-wave recordings at the two deep vertical
seismic arrays in the northern Mississippi embayment VSAP
and CUSSO were used to estimate site responses using the
spectral ratio method. The maximum observed amplification
factors from the mean empirical SH-wave transfer functions
are 8:5� 6:2 at 12.9 Hz at VSAP and 15:0� 4:8 at
1.3 Hz at CUSSO. We compared the spectral ratios with
Thomson–Haskell propagator matrices and found that,
although only 10 S-wave recordings at each array were suit-
able for analysis, the frequencies of the theoretical site
response peaks were consistent with those from observed
SH-wave surface-to-bedrock spectral ratios TFT from local
and regional earthquakes, thus indicating that TFT represents
an empirical SH-wave transfer function for weak motions.
Theoretical and observed amplifications were also compa-
rable, which indicates the appropriateness of 1D site-response
modeling at these sites, but the theoretical levels of amplifi-
cation at CUSSO are provisional because the bedrock S-wave
velocity is uncertain.

TFT curves were also used to evaluate the appropriate-
ness of surface S-wave HVSR, HVS, to estimate the empiri-
cal site transfer function. The observed HVS curves are
similar to the TFT spectral ratios at frequencies below ap-
proximately the fifth natural frequency at each site, indicat-
ing that the HVS curves can be used as single-station
empirical approximations of the S-wave transfer functions
for low-frequency analyses. For higher frequencies, verti-
cal-component amplifications of incident SV waves and
the converted P- and SV-wave systems reduce HVS and cause
it to deviate from observed SH-wave amplification at both
VSAP and CUSSO. Therefore, the applicability of HVS to

approximate TFT is site specific and depends on a site’s ver-
tical-component transfer function.

Finally, HVSR curves from ambient-noise recordings
HVS;noise imply amplification levels that are consistent with
those indicated by the observed and theoretical SH-wave
transfer functions. However, HVS;noise curves at both sites de-
crease rapidly with frequency and do not contain important
peaks in the SH-wave transfer functions at either site. Most
importantly, HVS;noise fails to reveal the frequencies at which
the maximum amplifications occur in the frequency band of
engineering interest (i.e., from 0.1 to 10 Hz) and the corre-
sponding amplification levels; the largest amplifications
observed by the S-wave spectral ratios occur at resonances
higher than the sites’ fundamental frequencies. Therefore, it
appears that ambient noise HVSR cannot be used for detailed
site-response analyses in the northern Mississippi embayment.

Data and Resources

Vertical seismic arrays VSAP and CUSSO are part of the
Kentucky Seismic and Strong Motion Network (Kentucky
Geological Survey/University of Kentucky [1982]: Kentucky
Seismic and Strong Motion Network, University of Kentucky,
Other/Seismic Network, doi: 10.7914/SN/KY), operated by
the University of Kentucky. Recordings from these arrays
are available for download from http://www.uky.edu/KGS/
geologichazards/data.htm (last accessed May 2017). The hy-
pocenters and magnitudes in Tables 2 and 3 are from the
Center for Earthquake Research and Information catalog
http://www.memphis.edu/ceri/seismic/catalog.php (last ac-
cessed February 2017). The map was made using Generic
Mapping Tools (www.soest.hawaii.edu/gmt, last accessed
February 2017).
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